We present a set of experiments to optimize the performance of the noninvasive thermometer based on proximity superconductivity. Current through a standard tunnel junction between an aluminum superconductor and a copper electrode is controlled by the strength of the proximity induced to this normal metal, which in turn is determined by the position of a direct superconducting contact from the tunnel junction. Several devices with different distances were tested. We develop a theoretical model based on Usadel equations and dynamic Coulomb blockade which reproduces the measured results and yields a tool to calibrate the thermometer and to optimize it further in future experiments.
I. INTRODUCTION
Virtually any parameter depending on temperature, preferably monotonically, can form a basis for thermometry [1, 2] . Yet depending on the application, one needs to make a choice of the system and technique based on several criteria, including sensitivity, noise, power dissipation, physical size, and speed of the thermometer. Besides these criteria, one often needs to consider whether the measured quantity can be obtained theoretically from a well-known, preferably simple physical law without fit parameters: if this is the case the technique may qualify as "primary thermometry". However, most of the time, like in the present work, this is not the case, and we deal with "secondary thermometry". To measure local temperature of nanostructures at very low temperatures (< 1 K) have been recently developed with several techniques [3] [4] [5] [6] [7] [8] [9] [10] . Here we build on a technique based on temperature dependent proximity superconductivity yielding sensitive thermometry with ultra-low dissipation. The technique is particularly well adaptable to calorimetric detection of tiny heat currents as well as fast thermometry towards the lowest temperatures in mesoscopic systems on-chip. The main goal of the present investigation is to optimize the sensitivity (responsivity) of the sensor and to model its behaviour using well established theoretical framework. The main results of the current work are (i) one order of magnitude increased sensitivity of the device with respect to the earlier realization [5] and (ii) a full theoretical account of its characteristics.
II. DESCRIPTION OF THE THERMOMETER
The thermometer that we study is schematically shown in the left inset of Fig. 1 . The normal lead of a standard NIS (normal metal-insulator-superconductor) junction is connected to another superconducting lead via direct metal-to-metal contact. This lead induces the prox- imity effect to the N lead and permits supercurrent via the tunnel junction. The basic characterization of this thermometer is presented in Ref. [5] . This thermometer has been recently operated in a setup that allows one to monitor temperature and its variations on µs time scales [11] . The main panel of Fig.  1 presents the dc bias voltage V dependent rf transmission S 21 at the resonance of the LC circuit loaded by the thermometer junction in parallel, measured at various temperatures. In this case, the superconducting contact is at the distance of L = 450 nm from the tunnel junction. For low conductance dI/dV of the junction, the variations of S 21 are proportional to −dI/dV . In ure we thus observe temperature dependent conductance of the thermometer junction. The favourable operation of the thermometer is at V = 0, where the temperature dependence of S 21 on T is strongest, and the self-heating IV is minimal.
The right inset of Fig. 1 depicts the temperature dependence of −S 21 of this junction measured at V = 0, using a very small excitation power (-140 dBm) to measure. We see that −S 21 presents an almost linear increase with decreasing temperature well below 300 mK, thus providing a sensitive and non-invasive thermometer. These characteristics are to be compared to the temperature dependent dc conductance results that will be presented below.
In the current work we limit ourselves to detecting the conductance and current voltage characteristics of the junction in a quasi-dc measurement. The samples were fabricated on a commercially available silicon wafer onto which a 300 nm layer of silicon oxide has been grown. In order to have stable tunnel junctions we used a 22 nm suspended germanium hard mask. Moreover all different kinds of samples were made on the same chip in one fabrication process, meaning that this process for all of the them was equal and the dominant difference between them was their geometry. We use electron-beam lithography for writing the patterns on the chip and three-angle electron-beam evaporation of the metal films. All samples have 35 nm copper as normal metal and 20 nm as both superconducting Al leads. The insulator in the tunnel junction is a thin layer of aluminum-oxide formed by letting pure oxygen into the chamber on top of one of the aluminum films. The thermometers were made in a single vacuum cycle allowing fabrication of clean metallic contacts without additional cleaning of the samples.
III. EXPERIMENTAL RESULTS AND OPTIMIZATION OF THE SENSITIVITY
An important figure of merit of a sensor is its responsivity, which for this thermometer reads R = |dS 21 /dT |. The apparent noise in a temperature measurement is then inversely proportional to R as long as noise is not intrinsic originating from true temperature fluctuations. Intuitively the responsivity is expected to increase when the proximity is enhanced, by bringing the clean contact closer to the junction. Therefore we fabricated several proximity junctions with nominally equal parameters, apart from the differing distance L. Figure 2 shows the scanning electron microscope (SEM) images of two samples (L = 100 nm in the main panel and L = 350 nm in the left-bottom). Along with the two SEM images, it shows in the right inset the measured IV characteristics of sample with L = 100 nm at different bath temperatures (40-240 mK) which indicates the non-vanishing current in the small bias range with maxima at ±20 µV, due to the induced proximity effect in the normal-metal island. It is clear that the peak current I max decreases due to the decrease of proximity effect by increasing the bath temperature. We measured the conductance dI/dV of the junctions with low frequency ∼ 10 Hz Lock-in techniques. The measured conductance of the proximitized junction as a function of applied voltage bias under different conditions is shown in Fig. 3 . In panel (a) this dependence is shown for different distances L = 50 − 350 nm at 50 nm intervals and fixed bath temperature T = 40 mK. A few reproducible features can be observed at subgap regime within V ∼ ±50 µV ∆ 0 /e, where ∆ 0 is the superconducting gap. The sharpest one of them is our favorable feature at zero-bias voltage, i.e., zero bias anomaly (ZBA). All these features get suppressed by increasing the distance L. Figure 3b demonstrates the main feature, the temperature dependence of conductance for L = 50 nm i.e. the thermometer with the strongest ZBA feature. Sensitivity of zero-bias conductance down to the lowest temperature is obvious. The overall change of the baseline and nearly parabolic bias dependence of it are due to quasiparticle current arising at finite temperatures. Figure 3c is a zoom-out of 3b that emphasizes conductance character due to quasiparticle current at voltages around the superconducting gap, V ±200 µV. The standard BCS coherence peaks at eV = ±∆ 0 of an NIS junction are now split due to the existance of the minigap in the proximitized normal metal.
IV. MODELING AND COMPARISON TO THE EXPERIMENT
In this section we theoretically analyse an overlap SNIS junction, which is close to the experimental setup studied above, coupled to electromagnetic (EM) environment. Let us first discuss the SNIS junction with the geom- etry shown in Fig. 4 (a) and described in the corresponding caption. All metallic parts are assumed to be in the dirty limit, in which the elastic mean free path l e is much smaller than the superconducting coherence length ξ ∼ D/2∆ 0 , where D = v F l e /3 with the Fermi velocity v F . In order to describe such a system we make use of the imaginary time quasiclassical Green's function formalism determined by the Usadel equation of motion [12] [13] [14] . If the total thickness of the superconductor and the normal metal of the system depicted in Fig. 4 (a) is sufficiently small (d N + d S < ξ) we can neglect all the derivatives in the y direction and average the Usadel equation over the width reducing it to an effectively onedimensional problem described by the following ordinary differential equation [13] D 2
Here, θ n (x) is the proximity angle of the normal metal, D is the diffusion coefficient of the material, ω n = (2n + 1)πk B T are the fermionic Matsubara frequencies with the temperature T and n = 0, ±1, ±2, . . . and ∆(x) is the superconducting order parameter defined as follows
for 0 < x < d 1 and = 0 otherwise, where ∆ is the order parameter of superconductor S 1 . We note that the normal metal underneath S 1 effectively acts like a superconductor with the reduced superconducting gap, d S /(d S + d N )∆. To obtain a general solution, Eq. (1) has to be supplemented by the appropriate boundary conditions at the ends of the normal metal wire θ n (L 1 ) = 0 and ∂ x θ n | x=d1+L+d2 = 0. The other boundary conditions come from the continuity of the proximity angle function as well as the current conservation throughout the system, θ n (a − 0) = θ n (a + 0) and ∂ x θ n | x=a−0 = ∂ x θ n | x=a+0 for a = 0, d 1 (see Fig. 4 (a)) [13, 15] . Since NS 2 is a tunnel contact with low transparency we neglect the proximity effect in this region. The boundary condition problem described above can be solved numerically by employing the finite difference method where Eq. (1) is rewritten as a system of nonlinear algebraic equations. The normal and the anomalous Green's function components in θ representation read G ωn (x) = cos[θ n (x)] and F ωn (x) = sin[θ n (x)], respectively [13] .
Based on the solution of Eq. (1) for the overlap junction depicted in Fig. 4 (a) the critical current through a tunnel NS 2 interface depends on the anomalous component of the Green's function and, therefore, is given by [16] [17] [18] 
where R T is the resistance of the tunnel junction, T is the temperature and F S ωn = ∆(T )/ ω 2 n + ∆(T ) 2 is the anomalous Green's function of superconductor S 2 . The temperature dependence of the superconducting gap is assumed to be ∆(T ) = ∆ 0 tanh(1.74 T c /T − 1), with T c as the critical temperature of the superconductor [19] . The proximity angle, θ n (x), depends in the general case on the x coordinate which means one is supposed to average the solution along the NS 2 interface of a finite length d 2 obtainingF N ωn as follows
Let us now discuss the contribution from the EM environment schematically represented by the circuit depicted in Fig. 4 (b) and described in the corresponding caption. Due to the dynamical Coulomb blockade the current mediated by the tunnelling of a Cooper pair in an ultrasmall Josephson junction of a capacitance C is described by the so-called P (E) function [20, 21] 
Here E J = I c /2e is the Josephson energy of the junction. The P (E) function is the probability for an electron to emit a photon to the environment and it is defined as
where J(t) = [ϕ(t) − ϕ(0)]ϕ(0) is the equilibrium correlation function of the phase ϕ(t) = (e/ ) t −∞ V (t )dt of the voltage across the junction. This function depends on the total impedance of the system, Z t (ω), as follows
× coth ω 2k B T [cos(ωt) − 1] − i sin(ωt) . Here R K = h/e 2 denotes the resistance quantum and T is the environmental temperature. The total impedance of the system reads
where C is the capacitance of the junction and Z(ω) is the impedance of the EM environment. In our model the EM environment is assumed to be an infinite RC transmission line whose impedance is Z(ω) = R 0 /iωC 0 , where R 0 and C 0 are the resistance and the capacitance per unit length of the line, respectively (see Fig. 4 (b) ). Since the impedance of the RC transmission line depends on the ratio between R 0 and C 0 , the appropriate dimensionless parameter which characterizes the line is k = (R 0 C/C 0 )/R K [21, 22] .
V. ANALYSIS AND DISCUSSION OF THE DATA
The measured IV characteristics like the ones shown in Fig. 2 , allow us to extract the temperature and length dependences of different samples as shown in Fig. 5 . Panel (a) demonstrates the T dependence for seven different samples. The main feature of all these data sets is the increase of I max towards lower T in accordance with the prediction of the theory. Yet, one can observe the saturation of I max both at high and low T . At high T , this is because of the emergence of thermal quasiparticle current. More interestingly the current saturates below ∼ 100 mK especially for samples with short L, a feature to be discussed below. In panel (b) we extract I max for different samples at base T 40 mK. In Fig. 5b we also include the theoretically calculated I max , the maximum of I s , according to the theory presented in the previous section. Assuming T = 40 mK in the calculation overestimates the I max by about factor of three (brown stars in Fig. 5b ). This is very natural based of overheating of the proximitized normal-metal lead at finite bias voltage of about V max = 20 µV, which is the position where the current is maximized. Quantitatively, writing the heat balance equation I max V max = ΣV(T 5 − T 5 0 ), where Σ = 2 × 10 9 WK −5 m −3 is the electron-phonon coupling constant of copper, V = 1 × 10 −21 m 3 is the volume of the copper island and T 0 = 40 mK is the bath (phonon) temperature allows us to determine the temperature for each thermometer at this bias point. We obtain T = 125 − 215 mK for samples with L = 350 − 50 nm with 50 nm intervals, respectively. Repeating the calculation of I max at these temperatures for the corresponding samples, we obtain a much better agreement with the measured values of I max as shown by the blue star symbols in Fig. 5b . The message of this result and analysis is that it is very important to perform a true zero-bias measurement to avoid overheating. Applying even the tiny bias leads to severe self-heating of the thermometer. Figure 6 shows a comparison between measured (circles) and theoretically predicted (solid lines) zero-bias conductance in the tunnel contact for various lengths of the junction. We obtain an excellent match. The measured zero-bias conductance in this figure shares similar temperature dependence with I max in Fig. 5 . There are important properties worth discussing in this data. First, the overall responsivity R of the thermometer improves by decreasing the length L by one order of magnitude when L shrinks from 350 nm to 50 nm. Second, unlike I max in Fig. 5 the responsivity is not lost even at base temperature; instead the dependence remains more or less linear in T . It is important to mention that the zerobias conductance is not obtained for exactly V = 0. It shows the averaged slope of the IV curves close to the zero voltage due to the experimental reasons as the dI/dV is measured with finite voltage amplitude.
VI. CONCLUSIONS
We have found experimentally that the sensitivity of the SNIS thermometer operated at zero bias voltage can be enhanced dramatically by bringing the S contact to the very proximity of the tunnel junction, this way increasing the current through it. Specifically, we demonstrate that the zero-bias conductance measurement outperforms a standard IV measurement by avoiding selfheating at low temperatures. We have developed a theoretical model based on proximity superconductivity and dynamical Coulomb blockade, which captures quantitatively the measured data in its validity range. With this optimization, we have increased the responsivity of this thermometer by about one order of magnitude compared to the initial realization of the concept, and made it suitable for continuous detection of microwave quanta in GHz range [11, 23, 24] .
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